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In this note, we give a list of unstable algebras over & (the mod 2 Steenrod algebra) of 
transcendence degree 2. This list is complete if we further assume the algebras are integral domains 
and closed under inseparable extension. Furthermore all these algebras are realizable. 
AMS (MOS) Subj. Class.: Primary 55840; 
secondary 55R35 
unstable algebras Steenrod algebra 
The problem of classifying the possible cohomology algebras of topological spaces 
has a long history; see [4]. If we take IF* as coefficients, then H*(X, lF,) is also an 
unstable algebra over &, the mod 2 Steenrod algebra. Thus a related problem is 
to classify the possible unstable algebras over &. 
When the unstable algebras H* are integral domains with finite transcendence 
degrees over IF>, it follows from [l] that each such H” is isomorphic to a subalgebra 
of H*((RP”)‘, IF,), some t ~0. Later, Rector [3] shows that for noetherian H* (not 
necessarily an integral domain), it is up to inseparable isogengy or F-isomorphism 
an inverse limit of some category of algebras each of which is an H*((RP”)‘, F2). 
This result has been generalized by Adams and myself (cf. [2]) to a somewhat larger 
class of unstable algebras which may not be noetherian. The purpose of this note 
is to illustrate how to use this result to produce examples of unstable algebras of 
small transcendence degrees. Recently in the course of my study of invariant subrings, 
I discover it is possible, by using results of [2], to give a ‘complete’ list of subalgebras 
of IFJx, y] where deg x = degy = 1 up to inseparable extension. Furthermore all 
these algebras are realisable. Since I still haven’t written up the major results of [2] 
for publication, it is perhaps worthwhile to compile this list and publish it separately. 
Throughout, we denote H*((RP”)*, F2) by F,[x, y] where x and y have degree 1. 
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Theorem 1. (i) Let H* be an unstable algebra over &. Assume H* is an integral 
domain with transcendence degree 2 and closed under inseparable extension. Then H* 
is isomorphic to one of the following: 
(1) ~z[cz, CA (2) IF,@ c,F,[c,, CA 
(3) ~z[cz, ~3, Al, (4) ~,@c,F,[c,, ~3, Al, 
(9 EdeI, 4, (6) IF,@ GJe,, 4, 
(7) Fz@ ezFz[eI, 4, (8) b@ eIG2[e,, 4, 
(9) Ez[x, VI, (10) ~,@x~,[x, VI, 
(11) ~,@XY~,[X, Yl (12) IF20 eIe2F2[x, ~1. 
Here, c2 = x2 + xy + y*, c3 = x2y + xy2, A =x3+x2y+y3, e,=x+y and e,=xy. 
Moreover, we have A2+ c,A + c: + c: = 0. 
(ii) All these twelve algebras are realizable. 
Remark. It is easy to establish the following formulae: Sq’ c2 = c3, Sq2 c3 = ~2~3, 
Sq’ A = cz, Sq2 A = c,A + c2c3 and Sq’ e2 = e,e,. These give the unstable algebra 
structure of each of the algebras in Theorem 1. 
Take an H* which satisfies the hypotheses of Theorem l(i). It follows from [l] 
that H* is up to isomorphism a subalgebra of F2[x, y]. Let W be the galois group 
of the algebraic extension H* =+ lF,[x, y]. Then W is a subgroup of GL,(lF,) = S3. 
Up to conjugation, S3 has four subgroups: 1, S3, A, and Z/22. Here S3 acts on the 
linear span of x and y by permuting the 3 elements x, y and x + y; we may assume 
Z/22 is the subgroup of S3 which interchanges x and y. We need the following 
well-known result. 
Lemma 2. F2[x, y]“3 = IF,[ c2, c,]; IF,[x, y]^3 = [F,[ c2, c3, A]; F2[x, Y]“*~ = lF,[ e, , e,]. 
Here c2, c3, A, e,, e2 are as in Theorem 1. 
Construction 3. We now construct a category CAT associated to our algebra H* 
(as given in Theorem l(i)). Up to isomorphism, H* is a subalgebra of IF2[x, y]. For 
each proper homogeneous prime ideal P* of lF,[x, y], we have an inclusion H*/ H* n 
P* =+ F,[x, y]/ P*. Then obj CAT consists of 
(i) F2[x, ~1; 
(ii) lF2[x, y]/ P* for each proper homogeneous prime ideal P*; 
(iii) one IF, if there is any P* s.t. H*/ H* n P* = ff2. 
The morphisms of CAT are generated by: 
(iv) the algebra homomorphisms in the Galois group W of the algebraic extension 
H* =+ F,[x,YI; 
(v) the projections ff,[x, y] + lF,[x, y]/ P”; 
(vi) an inclusion F2 L, lF,[x, y]/P* for each P* for which H*/ H* n P* = F2. 
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Warning. The convention used in [2] is different from the present one, but it does 
not affect the result. 
The reader may find the following diagram useful in visualizing the category CAT. 
Fz[x, Yl ? 4E w 
There is a natural homomorphism 0 going from H” into the inverse limit (think 
of it as generalized pull-back) taken over CAT. Theorem 1.5 of [2, Chapter 31 says 
0 is an isomorphism (under the assumption on H*). 
Let us explain the relative strengths of the relevant results that we are quoting 
from [l] and [2]. Essentially [l] says in our situation every element z E FJx, y] w is 
expressible as the quotient u/v for some u, v E H*. A natural question is: what 
denominators do we need? To this question, [2] provides an answer: one can always 
take c3 as the denominator; alternatively, we have c,ff,[x, y] w = H”. In fact, in order 
to prove Theorem l(i), one may use this inclusion instead of going through Construc- 
tion 3. 
To prove Theorem l(i), one uses a case by case computation and Lemma 2. We 
only sketch the computation for the case when the Galois group is A,. 
If H*/H* n P* # IF2 for all proper P*, then the inverse limit is just FJx, ~14. 
If H*/H* n P* =lF, for some P*, say for P*=(x), then for any f~ H* (which 
is the same as the inverse limit) of positive degree, we have x I$ There is an element 
in A3 which takes x to y, it follows that y If: S imilarly (x + y) If: Since lF,[x, y] is an 
unique factorization domain, we must have xy(x + y) If: Hence H* = IF,@ 
c,F,[c,, ~3, Al. 
We now look at Theorem l(n). It is well-known that the algebras labelled (l), 
(3), (5) and (9) are realized by BS0(3), BA4, BO(2) and RP”xRP” respectively. 
(2) is realized by the mapping cone of BSO(Z)+ BSO(3). Likewise (6), (7), (10) 
and (8) are realised by the mapping cones of BSO(2) + B0(2), BZ/2Z + B0(2), 
RP” + RP” x RP” and BZ/2Z v BSO(2) + BO(2) respectively. Also (11) is realised 
by the mapping cone of the inclusion RP” v RP” L, RP” x RP”, i.e. RP” A RP”. 
For (12), one considers the composite IRP”~ RP” x RP”+ IRP” A RP”. This 
composite factors through the quotient RP”/RP’ because the smash product has 
trivial fundamental group. The mapping cone of the induced map RPm/RP’ + IRP” A 
RP” realises (12). 
Finally we look at (4). BA, realises (3). The mod 2 cohomology is not affected if 
we attach the cone on 82132 to BAd (via the map induced by any inclusion 
Z/32-, A,), but this mapping cone, C say, has trivial fundamental group (a simple 
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application of Seifeit-Van Kampen Theorem). Any inclusion Z/22 L, A, induces 
a map RP’O+ C which factors through the quotient RP”/RP’. When we attach the 
cone on RP’/[WP’ to C, we get a space whose mod 2 cohomology algebra is (4). 
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